We construct a Z 2 orbifold projection of SU(N ) gauge theories formulated in five dimensions with a compact fifth dimension. We show through a non-perturbative argument that no boundary terms diverging with powers of the five-dimensional ultraviolet cutoff are generated. This opens the possibility of studying these theories non-perturbatively in order to establish if they can be used as effective weakly interacting theories at low energies. We make preparations for a study on the lattice. In particular we show that only Dirichlet boundary conditions are needed, which specify the breaking pattern of the gauge group at the orbifold fixpoints.
Introduction
Gauge theories with extra space-like dimensions have attracted interest during the last few years. Even though departing from four dimensions leads into the wild domain of non-renormalizable theories, there are perhaps reasons they should not be discarded immediately: an ultraviolet (UV) cutoff Λ (like the inverse lattice spacing) can be introduced and the theory can be treated as an effective theory. One is however not guaranteed that this is a consistent program unless there exists a range of the cutoff Λ where the low energy physical properties depend only weakly on Λ (this is called the scaling region) and the theory is weakly interacting. If this is the case then these theories could provide a solid starting point basis for constructing non-supersymmetric extensions of known and well tested physical theories.
To begin, the expectation seems to be that higher dimensional gauge theories are trivial -like φ 4 theory in four dimensions where studies of the theory formulated on a lattice provided strong evidence of the triviality of the continuum limit [1, 2] -i.e. removing the ultraviolet cutoff Λ leads to a zero effective gauge coupling. To make this plausible in the context of five-dimensional gauge theories, notice that the bare gauge coupling g 0 has mass dimension −1/2. The only classical scales of the theory are g 0 and the cutoff Λ. Since the product g 2 0 Λ is dimensionless, power corrections (g 2 0 Λ) n are expected in the nth order of perturbation theory. Therefore these theories make sense only at finite values of the cutoff. In order for the radiative contributions proportional to powers of the cutoff to be small, the condition g 2 0 Λ < 1 (1.1) should be satisfied. Thus, making the cutoff larger forces the gauge coupling, and at the same time any effective coupling defined in terms of it, to zero. In extra dimensional theories typically one assumes that the extra dimensions are compactified on some manifold, a torus in the simplest case. The minimal of the clearly large number of possibilities is a gauge theory with a single compact extra dimension. The advantage of such a simple model is that one can make considerable progress in understanding its quantum properties which becomes increasingly hard as the number of the extra dimensions grows or when the the extra dimensional theory is coupled to gravity. The UV behavior of the compact theory is the same as that of the uncompactified theory so all the above comments and questions apply to it. Nevertheless, compactification is well motivated by phenomenology. A striking example is that if the compact dimension is as large as 1 TeV −1 then the electroweak symmetry breaking could proceed by the Hosotani mechanism [3, 4] without supersymmetry and avoiding the hierarchy problem. The idea is to identify the Standard Model Higgs field with an extra dimensional component of the gauge field for which a non-trivial effective potential is conjectured. Results at 1-loop [5, 6, 7, 8] support the viability of this scenario but only a non-perturbative computation can prove its true validity. Extra dimensions in connection with further alternatives to the Higgs mechanism have received attention from recent lattice studies [9] . Also the dimensional reduction and localization of gauge fields have been studied on the lattice in a three-dimensional model [10] .
An obvious practical problem with a five-dimensional gauge theory (intended to be used for four-dimensional physics) is how to take a four-dimensional slice of it in such a way that this slice resembles the physics that we observe. A possible solution to this problem turns out to be the same as the solution to the problem of the non-existence of chiral fermions in five dimensions. By changing the compact space from a circle S 1 of radius R parametrized by the coordinate x 5 into an interval S 1 /Z 2 by the identification x 5 −→ −x 5 , one obtains naturally four dimensional boundaries at the two ends of the interval (which are just the fixed points of the projection) with chiral fermions localized on them. The new space obtained in this way is called an orbifold. One can then embed the orbifold projection in the field theory by imposing certain boundary conditions on the fields. The orbifold projection can thus reduce the gauge symmetry at the four-dimensional fixed points of the orbifold. The idea then is that in principle one could have a four-dimensional non-supersymmetric effective theory with chiral fermions and a Higgs without a hierarchy problem. There are however some important issues to be resolved first.
For five-dimensional gauge theories compactified on the R 4 × S 1 /Z 2 orbifold the fundamental question to answer is whether an effective interacting theory can arise at the four-dimensional boundaries. To be able to answer this, one should look for a range of cutoff values where the theory behaves like a continuum weakly interacting field theory at low energies E, with
(1.
2)
The inequality E ≪ 1/R ≪ Λ guarantees that the four-dimensional theory on the boundaries is effectively a theory of the Kaluza-Klein zero modes of the five-dimensional fields. The formulation of a field theory with prescribed boundary values for some of the field components requires in general additional renormalization. This has been first studied for renormalizable theories by Symanzik [11, 12] . There it was found that the presence of boundaries introduces additional divergences and these induce boundary counterterms with renormalization factors calculable in perturbation theory. The important lesson therefore is that renormalization requires counterterms localized on the boundaries of the theory and this applies also to non-renormalizable theories in the parameter range Eq. (1.2).
The renormalization pattern of a five-dimensional Yukawa theory formulated on the R 4 × S 1 /Z 2 orbifold has been first discussed in [13] . There, counterterms localized on the boundaries and logarithmically divergent in the cutoff have been computed in perturbation theory at 1-loop order. Five-dimensional gauge theories formulated on the R 4 × S 1 /Z 2 orbifold have been considered in [14, 15, 16, 17] . The main result of [16] was that at 1loop level a boundary mass counterterm for the Higgs field (identified with some of the five-dimensional components of the gauge field) is absent. This term would represent a correction to the Higgs mass squared proportional to g 2 0 Λ 2 /R for the zero modes of the fourdimensional low energy theory defined at the boundaries, introducing a hierarchy problem. It is not clear though if this result is unchanged at higher orders in perturbation theory. In this work we present a non-perturbative proof that a mass correction proportional to the cutoff is absent. The proof is based on the introduction of an external field which restores the gauge invariance of the theory broken by the orbifold boundaries.
Another important obstacle in a non-perturbative formulation of an orbifolded gauge theory is how to couple the fermions to the gauge fields. The introduction of a fifth dimension in connection with chiral fermions on the lattice is at the basis of the domain wall fermion formulation [18] . It is also known that in the domain wall construction of chiral fermions the domain wall can be replaced by a boundary through Dirichlet boundary conditions [19] . This is precisely what is achieved in the orbifold construction. The derivation of light four-dimensional fermions from a five-dimensional theory with boundaries may be a concrete hint of the physical reality of compact extra dimensions [20] . Stimulating progress related to the fermions comes from a recent work where the orbifold construction has been used to formulate in four dimensions lattice chiral fermions with Schrödinger functional boundary conditions [21] .
In this paper we make preparations to study on the lattice SU(N ) pure gauge theories on the orbifold R 4 × S 1 /Z 2 . In section 2 we formulate the orbifold theory. The breaking pattern of the gauge group at the orbifold fixpoints is determined by a group conjugation. In section 3 we classify and discuss the localized boundary terms. In particular we show non-perturbatively that a quadratically divergent (with the cutoff Λ) Higgs mass term is not generated. In section 4 we develop the lattice formulation of the orbifold theory and check the implementation of the boundary conditions in the propagator.
The orbifold
The orbifold projection identifies field components under the action of a discrete symmetry group K. Given this symmetry of a field theory, only field configurations invariant under the discrete group are relevant. Here we consider five-dimensional gauge theories with gauge group G = SU(N ) and K = Z 2 formulated in Euclidean space. We use capital Latin letters M, N, . . . = 0, . . . , 3, 5 to denote the five-dimensional Euclidean index and small Greek letters µ, ν, . . . = 0, . . . , 3 to denote the four-dimensional part. For the coordinates we will use the shorthand notation z = (x µ , x 5 ) andz = (x µ , −x 5 ). Our notations are summarized in Appendix A.
The first step is to define the Z 2 orbifold action on the coordinates. We find it useful to introduce it through an operator R, which acts as
Next, we define the Z 2 action on a rank-r tensor field C(z) as
2)
where no sum on the M i is implied on the right hand side. The "parities" α M are defined by
Since tensor fields can be obtained through derivatives of fields, the relation
holds. Incidentally this implies that R and the derivative operator
for the product of any two tensor fields C(z) and D(z). In the following for R and similarly for all the other operators we will write R C(z) as a shorthand for (R C)(z). Given these definitions, the orbifold can be embedded in the gauge theory by constraining the gauge field A M (z) under the following two Z 2 actions:
• The reflection R, according to Eq. (2.2), acting as
The field strength tensor of the gauge field
. . , rank(SU(N )) = N − 1 are the hermitian generators of the Cartan subalgebra (the commuting generators) of SU(N ) and V = {V i } is a constant (N − 1)-dimensional twist vector. The group conjugation by g is an inner automorphism of the Lie algebra and in fact it is not the most general symmetry transformation [22] . An inner automorphism breaks the gauge group as
The property g = g † guarantees that T g A M ∈ su(N ) and g 2 = 1 is necessary for T g to be a Z 2 transformation. Eq.
We define the combined Z 2 transformation
which satisfies Γ 2 = 1 and [ ∂ M , Γ ] = 0. Like R and T g , Γ is a hermitian operator with respect to the scalar product
The action of Γ on a product of fields is the product of the transformed fields. Noting that the transformation
it follows immediately that the gauge action is invariant under Γ. The orbifold projection is then defined through
Proof: We first consider an infinitesimal transformation Ω = 1 + ξ with ξ ∈ su(N ). Then the left hand side of Eq. (2.13) transforms as
whereas the right hand side of Eq. (2.13) transforms as In what follows we start from the manifold R 4 × S 1 . S 1 is parametrized by the coordinate x 5 ∈ [−πR, πR] with period 2πR. We impose periodic boundary conditions in the fifth direction
(2.18)
The orbifold projection onto R 4 × S 1 /Z 2 defined through Eq. (2.13) has two singular fixpoints (or boundaries) at x 5 = 0 and x 5 = πR (for whichz = z). Depending on the choice of g in Eq. (2.9) the gauge group SU(N ) is broken down to a subgroup H at the fixpoints, see Eq. (2.10). In the Cartan-Weyl basis for the generators of SU(N ) (see Appendix A) the group conjugation T g is diagonal [23] g 
the orbifold projection Eq. (2.13) leads to the following Dirichlet and Neumann boundary conditions
In the Kaluza-Klein decomposition, the zero modes of A ±α 5 are the Higgs fields of the fourdimensional low energy theory defined at the orbifold fixpoints. The zero modes of A i µ and A ±α µ are the gauge bosons, which generate the residual gauge group H. The Higgs fields transform in some representation of H.
Lemma 2. The boundary term corresponding to
is invariant under the residual gauge transformation Eq. (2.14) .
at z =z. We obtain that under the residual gauge transformation If present in the theory it generates a quadratic divergence with the cutoff Λ and therefore introduces a hierarchy problem.
The boundary terms
In general the presence of boundaries in a field theory leads to new divergences. Symanzik studied the Schrödinger functional for renormalizable theories [11, 12] . The Schrödinger functional is a formulation of field theories with prescribed boundary values for some of the field components. The expectation is that to make these theories finite all the possible (i.e. consistent with the symmetries of the theory) counterterms localized on the boundaries have to be added. This expectation has been confirmed for the massless scalar φ 4 theory [11] and for QCD [24, 25, 26] . As explained in the Introduction the Symanzik analysis can be extended also to non-renormalizable theories treated as effective theories for energies much below the finite cutoff. For gauge theories formulated on the orbifold R 4 × S 1 /Z 2 one has to include in the action contributions from local composite fields O i (x) of dimension less than or equal to four, which are localized at the fixpoints of the orbifold and are consistent with the symmetries. This gives rise to a boundary action
These terms, even if not present in the action of the theory from the beginning, will be generated by radiative corrections [16, 17] . The canonical dimensions of the operators O i determine the superficial degree of divergence with the cutoff Λ of the renormalization constants Z i . To find out the possible boundary terms O i the idea is to restore the full fivedimensional gauge invariance (i.e. including the orbifold fixpoints). This can be achieved by promoting the constant matrix g defining the orbifold projection Eq. (2.13) to an external group-valued field 1
The external field is not dynamical. We will impose on the gauge field a new constraint using G(z). The orbifold projection is a special case of it, in the sense that it is recovered setting the external field to the constant value G(z) = g given in Eq. (2.9). By choosing an appropriate gauge transformation for G(z), the new constraint respects the gauge invariance of the theory. This allows for a simple and systematic classification of the allowed boundary terms based on gauge invariance. The situation is similar to the discussion of the boundary counterterms in the Schrödinger functional for gauge theories [24] . To make the Schrödinger functional gauge invariant the boundary values of the gauge field have to transform under gauge transformation. The divergent boundary counterterms can then be found using gauge invariance and they are found to be absent. The theory is subsequently considered for constant values of the boundary field components.
To construct a gauge covariant constraint using the external field G(z) we consider the gauge transformation parametrized by G
and the reflection R. The following properties hold
4)
hence T G is a Z 2 transformation only for G(z) 2 = 1. Since R and T G do not commute there are two possible ways of defining a combined transformation
Using Eq. (3.6) we impose the constraint
which can be equivalently rewritten as
In this second form it corresponds to using Eq. (3.7) with G replaced by G −1 . We now prove the following
(3.10)
Self-consistency of Eq. (3.8) requires that
Proof: Eq. (3.8) can be equivalently written as The fact that Eq. (3.10) is a non-local gauge transformation is unusual but it should not come as a surprise since its purpose is to disentangle the orbifold where points at a distance, z andz, are identified. If a special class of gauge transformations Ω is considered, which is unity for x 5 < 0 (or x 5 > 0), then the transformation Eq. Eq. (A.15) ) have canonical mass dimension +3/2 (+5/2). The external field G(z) is dimensionless. Let us now list the terms that induce at the orbifold fixpoints operators of dimension less than or equal to four. These terms can be easily found by invariance under the four-dimensional Euclidean and SU(N ) symmetries.
• Terms which do not involve the external field G. The lowest dimension operator of this type is tr{F M N F M N } itself. Taking into account the Z 2 "parities" of the fields assigned by Eq. (2.13) reveals that this operator induces at the fixed point the dimension four operators
As we already mentioned, the Symanzik work alerts us about the appearance of new divergences at the boundaries. Indeed, the analysis of [16, 17] demonstrated that at one-loop the renormalization constants Z i are logarithmically divergent. In fact, the two counterterms Eq. (3.17) should simply correspond to a rescaling of the boundary values of the field components of F M N .
• Terms that involve the background field G. From Eq. (3.10) it can be seen that the background field does not transform covariantly. The field that does transform covariantly (like F M N ) is the composite operator Φ = (R G)G. Consequently, the trace of any polynomial of Φ is gauge invariant, yielding an irrelevant contribution to the vacuum energy, since when G(z) is replaced by the constant value g in Eq. (2.9), one obtains Φ = 1. In addition, using the covariant derivative
Interestingly, the self-consistency relation Eq. (3.11) assures us that precisely this term is identically zero even before setting G(z) = g.
These simple facts imply that there can be no dimension four boundary terms besides those shown in Eq. (3.17) . In particular, the quadratically divergent mass term Eq. (2.24) is forbidden by the five-dimensional gauge invariance even though, as already mentioned, it is invariant under the residual gauge transformation Eq. (2.14) corresponding to the residual gauge group H. This absence of a boundary mass term for the Higgs is also consistent with the perturbative one-loop calculation of [16] and the shift symmetry argument of [27, 28] . The power of the argument presented here is that it is formulated in a manifestly 5D gauge invariant language so it is expected to be valid at any order of perturbation theory. Notice finally that these conclusions are independent of the presence or absence of fermions in the five-dimensional gauge theory (as long as the theory is free of anomalies).
Lattice formulation
We consider now a Euclidean five-dimensional hypercubic lattice with lattice spacing a.
The points have coordinates z = a (n 0 , n 1 , n 2 , n 3 , n 5 ) (4.1)
with n µ = 0, 1, . . . , N µ − 1 , µ = 0, . . . , 3 and n 5 = −N 5 , −N 5 + 1, . . . , N 5 − 1 . 
We impose periodic boundary conditions on the gauge field in all five directions. The gauge variables on the lattice consist of the links U (z, M ) ∈ SU(N ), which are the parallel transporters for SU(N ) vectors from z + aM to z along the straight line connecting these two points. As the gauge action we take the Wilson action The gauge links along the fifth direction in the "lower half" of the circle, U (a(n µ , n 5 ), 5) with n 5 = −N 5 , . . . , −1, are determined by the links in the "upper half" of the circle, U (a(n µ , n 5 ), 5) with n 5 = 0, . . . , N 5 − 1 (see Fig. 1 ). On the links residing in the fourdimensional fixpoints at n 5 = 0 and n 5 = N 5 = πR/a (which is the same as n 5 = −N 5 ) of the orbifold, Dirichlet boundary conditions are imposed by Eq. (4.13)
U (a(n µ , 0), µ) = g U (a(n µ , 0), µ) g and (4.14)
U (a(n µ , N 5 ), µ) = g U (a(n µ , N 5 ), µ) g . The contribution from the bulk plaquettes not touching the boundaries is
The contribution from plaquettes extending into the fifth dimension and attached to the boundaries is
The contribution from the boundary plaquettes is Proof: We have to prove that in the continuum limit we get the orbifold boundary conditions Eq. (2.22) and Eq. (2.23). On the lattice a gauge field can be introduced through Eq. (4.7).
In the classical continuum limit, i.e. expanding Eq. (4.13) in powers of the lattice spacing a, we get at the fixpoints A µ (z) = g A µ (z) g for n 5 = 0, N 5 , (4.21)
A 5 (z) = −g A 5 (z − a5) g for n 5 = 0, N 5 . The leading term in the expansion for small a gives the Dirichlet boundary conditions Eq. (2.22). As concerns the Neumann boundary conditions, we learn from Ref. [24] that "in a free scalar theory, for example, the propagator on a lattice with free boundary conditions converges to a Green function which satisfies Neumann boundary conditions". On the orbifold there are no Dirichlet boundary conditions imposed on the links U (z, 5) and these links do not have neighbors in the fifth direction "beyond" the fixpoints. This means that they have free boundary conditions. Hence we have good reasons to expect that the Neumann boundary conditions Eq. (2.23) arise in the continuum limit but only the computation of the propagator can prove this. At the quantum level the gluon propagator (not the vertices) carry the information about the boundaries.
Extending to the lattice a trick used in Refs. [13, 29] , we observe that the orbifold constraint Eq. (4.13) is satisfied automatically by the gauge links
where, as in Eq. (B.5), B M (z) is an unconstrained gauge field on the full periodic lattice. It is easy to check that U Γ (z, M ) ∈ SU(N ) and in particular that at the fixpoints z =z the links U Γ are elements of its subgroup H, as expected.
As explained in Appendix A, the orbifold constraint can be defined in terms of the gauge field components with the generators unchanged. In particular we can use the basis of hermitian generators T C ordering them as specified in Appendix A. For the components with n µ and n 5 like in Eq. (4.2). Note that the gauge field on the lattice is naturally associated with the midpoint of the link. In Eq. (4.26) we use a covariant gauge fixing condition with parameter ξ which is a lattice version of Eq. (B.1). The propagator on the orbifold is 
On the other hand, it is easy to check that the orbifold propagator Eq. (4.29) satisfies 
Conclusion
In this work we constructed non-perturbatively five-dimensional gauge theories in Euclidean space with the fifth dimension compactified on the S 1 /Z 2 orbifold. We discussed the possibility of studying these theories on the lattice at a finite value of the cutoff Λ = 1/a given by the inverse lattice spacing and for energies in the range specified by Eq. (1.2) . The five-dimensional (four-dimensional) components of the gauge field with positive "parity" under the orbifold projection play the role of the Higgs (gluon) field in the dimensionally reduced theory, defined at the orbifold fixpoints in terms of the Kaluza-Klein zero modes of these fields. The ultimate goal of our work is to provide a non-perturbative proof whether this is a viable field-theoretic scenario, in other words if a scaling region at finite cutoff exists where the interactions are appreciable.
We discussed all possible relevant boundary terms localized at the fixpoints of the orbifold and diverging with powers of the cutoff Λ. A non-perturbative proof is given that no such boundary terms occur. We showed that the theories can be formulated in a straightforward way on the lattice. In the naive continuum limit the gauge field propagator implements the correct Dirichlet and Neumann boundary conditions.
A. Notational conventions
The Euclidean gauge action for gauge group SU(N ) on the manifold R 5 is given by The connection of this basis with the Cartan-Weyl basis is simply to take the Cartan subalgebra, i.e. the commuting generators H = {H i } , i = 1, . . . , N − 1 to be the same. The remaining generators are combined in pairs of ladder operators (a raising and a lowering
